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STARSHAPEDNESS OF THE LEVEL SETS AND COINCIDENCE SET IN THE SPECIAL CASE OF THE DIRICHLET OBSTACLE PROBLEM
In this paper we would like to present a short proof of the starshapedness of the level sets and of the coincidance set of the solution of the Dirichlet obstacle problem. Method of proving is based on a study of a star-indicative function (see [1] ).
First we introduce the basic concepts and next we prove the fundamental theorem of the paper. DEFINITION 
Let ii C R
n be an open, starshaped with respect to origin, bounded set and u be a function which maps fi onto R. We shall call the function S 0 :
Later on we shall apply following lemmata: 
is nonnegative.
is an open, starshaped with respect to Xo G ft bounded set and concave function 9 G C 1 (I?). Then 9 attains its maximum in xo G ft if and only if the following inequality is satisfied
LEMMA 3 (see [3] Let us now present the subject of our considerations, the obstacle problem. We suppose that following conditions are satisfied:
n is an open, starshaped with respect to xo bounded set with a C 2 boundary, (1.4) 9 is a concave function, < 0, € C 2 (ft),
where u denotes the solution of variational inequality (1.8)
The problem given by variational inequality (1.8) with the admissible set K defined by (1.9) is called an obstacle problem with Dirichlet integral, obstacle 9 and force F (where F depends on solution u). It is well known (see [4] ) that the solution of (1.8) exists and is unique and u G C l (ft).
Our principal aim is to derive tha following: Using the maximum principle and basic properties of solutions of the obstacle problems (see [4] ) we derive that: 0 < u < M which gives that U(XQ) = !?(xo) and together with condition that u G K indicates that xo G I. Starshapedness of I with respect to xo can be now obtained as an immediate corollary of the Theorem 2 from [3] .
During the second part of the proof we shall base on Lemma 1 and Corollary 1. Theorefore to prove the starshapedness of the level Qc it suffices to show that the function S(t, x) defined by (1.1) is nonnegative in [0,1] X1?.
Let us take arbitrary x G I. We know that the coincidence set is starshaped with respect to x<> G I, hence x + t(xo -x) £ I for t G [0,1] and S(t,x) = !?(x + t(xo -x)) -!?(x). From the concavity of and (1.5) we deduce that:
Hence S(t, x) > 0 for t G [0,1] and arbitrary x G We assume now that x G Q \ I. It suffices to show that u(x + f(xo -x)) -u(x) > 0 for t G [0, lx) where tx > 0 is determined in such a way that
We pointed before that u satisfies (1.10), from [5] we derive that u G C 3 (J? \ I). Let us denote by t = maxX€(n\i) tx-Since fl is starshaped with respect to xo, en = 0 an< i u is positive in fl then we can assume that S(t,x) achieves its negative minimum in the domain (0,7) x (f2 \ I). This means that there exists tm G (0,1) and x G i2\ I such that
Since derivative Fu is nonnegative we have that
From the fact that S(f,x) attains in (fm,x) extremum we deduce that first derivatives of S have to vanish, hence in particular
Since it is a minimum the second derivatives of S have to satisfy the following n n
where tj = (t?i,t) 2 where E is a compact subset of Q with C 1 boundary and obstracle £ is an a 'priori given function.
